THE CLASS S AS AN ME INVARIANT 

HIROKI SAKO 

Abstract. We prove that being in Ozawa's class S is a measure equivalence 
invariant. 



I. INTRODUCTION 

Measurable group theory is a new field and has been attracting many researchers 
having various backgrounds. The discipline deals with how much information on 
countable groups is preserved through measure equivalence. The notion of measure 
equivalence was given by Gromov |Gr] as a variant of quasi-isometry. Two groups 
are said to be measure equivalent (ME) if there exists an ME coupling, instead of 
topological coupling. 

In most cases, much information is lost through ME couplings. For example, any 
two countable amenable groups are ME. This is a consequence of |OrWe] , |CoFeWe] . 
Many people are interested in finding small measure equivalence classes (higher rank 
lattices [Fulj . mapping class groups with high complexity [Kid]) or in classifying 
non-amenable groups up to measure equivalence. 

We will prove that Ozawa's class S defined in |Oz3j is an ME invariant class. The 
class was defined by means of topological amenability |ADj on the largest boundary. 
Ozawa and Popa proved classification results on group von Neumann algebras of the 
class S (IDSJ, [OzPolp . 

Definition 1.1 ( |Oz3j ). A countable group G is said to be in S if the left-times-right 
translation action of G x G on (3G n G c is amenable, where (3G H G c is the Gelfand 
spectrum of the commutative C* -algebra t^G /cqG. 

The following is the main theorem of this paper. 

Theorem 1.2. If G and T are ME and ifT eS, then G <E S. 

The class S is an intermediate class between the set of exact groups and that of 
amenable groups, which are also ME invariant classes. These three classes are also 
characterized by topological amenability. A countable group is exact if and only if 
there exists an amenable action on a compact space [Ozlj . A countable group is 
amenable if and only if any continuous action on any compact space is amenable. 

By Hjorth's theorem |Hj] , A countable group G is treeable in the sense of Pemantle 
and Peres |PemPer j . if and only if G is ME to a free group (Z, F2 or Fqq). As 
a corollary of Theorem ll.2[ the class of treeable groups is an intermediate ME 
invariant class between S and the set of amenable groups. We get the following fact 
on group von Neumann algebras: 
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Corollary 1.3. If G is ME to a free group, then the group von Neumann algebra 
L(G) is solid, namely, every diffuse subalgebra has the infective relative commutant. 

Since the free groups are in the class S, if G is ME to a free group, then T E S. 
By [Oz2] , L(G) is solid. 

2. Measure Equivalence and Measure Embedding 

The following is a generalization of Gromov's measure equivalence (0.5.E in |Gr] ) . 

Definition 2.1. Let G and V be countable groups. We say that the group G mea- 
surably embeds into V, if there exist a standard measure space (S,z/), a measure 
preserving action of G x V on £ and measurable subsets X, Y C £ with the follow- 
ing properties: 

Z=\J 1 (X)=\Jg(Y), u(X)<oc. 

76r g£G 

Then we use the notation G ^me r. The infinite measure space £ equipped with the 
G x V -action is called a measure embedding of G into V . The measure embedding 
£ is said to be ergodic, if the G x V -action is ergodic. 

If the subset Y also has finite measure, then £ gives an ME coupling between G 
and T and these groups are said to be measure equivalent (ME). As in the case of 
an ME coupling, if there exists a measure embedding of G into T, there exists an 
ergodic one by using ergodic decomposition. See Lemma 2.2 in Furman |Fulj for 
the proof. 

Remark 2.2. (1) The relation ^me is transitive; if H ^me A and A ^me r, then 
H ^me r. The proof is same as that of transitivity of measure equivalence. 
(2) If countable groups G and V satisfy G ^me T and if V is amenable, then G 
is also amenable. Exactness has the same property (see Remark [3.5fl . 

3. The class S as an ME Invariant 
Theorem 13.11 is stronger than Theorem 11.21 and follows from Proposition 13.21 
Theorem 3.1. If G ^ M e T andT e S, then G <E S. 

Proposition 3.2. Suppose T G S. Let (3 be a free measure preserving (m.p.) action 
ofT on a standard measure space (Y, fi) and let a be a free m.p. action of G on a 
measurable subset X C Y with measure 1. If their orbits satisfy a(G)(x) C /3(T)(x) 
for a.e. x G X , then G G S. 

In this proposition, Y can be an infinite standard measure space. 

Proof of Theorem \3.1\ from Proposition lSTB . Suppose that (£, v) gives an ergodic 
measure embedding of G into T. Choose G fundamental domain Y and F fun- 
damental domain X. We can replace £ so that the G-action on T\£ = X is free, 
by taking a product of £ and a G-probability space on which free m.p. G-action is 
given. Then we can consider £ comes from a stable orbit equivalence with constant 
s = v{Y)/v{X) G (0, oo]. This argument is covered by Lemma 3.2 in [Fu2] and 
Remark 2.14 in |MoSh] if s < oo. We do the same argument in the case of s = oo. 
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We note that r G S if and only if T x TLjnL G S. Replacing T with T x Z/nZ, 
if necessary, we get 7£(G r> X) s = 1Z(T rx Y) with constant 1 < s, where 1Z{G rx 
X),1Z(T rx Y) mean the orbit equivalence relations of free m.p. actions of G and T. 
By Proposition 13.21 r G S implies Ge5. □ 

To prove Proposition 13.21 we use the notation given as follows. 

We introduce a measure v on lZp as the push forward under the map 

Y xT 3 (y,j) ^ (a(j)(y),y) ellp, 

where the measure on Y x T is given by the product of \x and the counting measure. 
The measure v coincides with the measure defined in Feldman and Moore [FeMoo] . 

The action (3 (resp. a) gives a group action of Y (resp. G) on L°°(Y) (resp. L°°(X)). 
We use the same notation f3 (resp. a) for this action. Let p G L°°(Y) be the 
characteristic function of X. The algebra L°°{Y) and the group V are represented 
on L 2 (7Zp, v) as 

(F£)(x,y) = F(x)S(x,y), F 6 L°°(Y), 

(u^)(x, y ) = ^p(^ l )(x),y), ie r,teL 2 (n l3 ),(x,y)en p . 

Let B be the C*-algebra generated by the images, which is the reduced crossed 
product algebra B = L°°(Y) x red T. Its weak closure is the group measure space 
construction Ai = L°°(Y) x T |MvN]. We denote by tr the canonical faithful normal 
semi-finite trace on A4 with normalization tr(p) = 1. The unitary involution J of 
(M,tr) is written as (J£)(x,y) = e ^ 2 (^), (x,y) E Tip). 

The group G is represented on pL 2 (TZp) = L 2 {JZp fl (X x F)) by 

We denote by C^(G) the C*-algebra generated by these operators. The algebra 
is isomorphic to the reduced group C*-algebra of G. The Hilbert space L 2 (7?. a ,z/) 
can be identified with a closed subspace of pL 2 {Jlp). The algebra G\{G) is also 
represented on L 2 (7Z a ) faithfully. We denote by P the orthogonal projection from 
L 2 (7Z/3) onto L 2 {lZ a ). We note that the algebra pBp does not contain C^(G) in 
general, although there exists an inclusion between their weak closures. 

Let eA be the projection from L 2 (7£g) onto the set of L 2 -functions supported on 
the diagonal subset of Tip. This is the Jones projection for L°°(Y) C M.. For 7 G T 
and a finite subset r C T, we define the projections e(j), e(T ) by 

e(7) = Ju 7 Je A Ju*J, e(T ) = ^ e(7). 

For g E G and a finite subset G C G, we define the projections f(g), f(G ) by 

f(9) = v g e AV* g = v g pe A v* g , /(G ) = /(#)■ 

9GG0 

Let K C B(L 2 (Hp)) be the hereditary subalgebra of B{L 2 {lZp)) with approximate 
units {e(r ) | r C T finite}, that is, 

K = \Je(T )B(L 2 (np))e(T ) " ". 

To 

It is easy to see that B and JBJ are in the multiplier of K, so is D = C*(B, JBJ). 
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The algebra B satisfies the following continuity property, which is similar to 
Proposition 4.2 in [Oz3j . 

Proposition 3.3. The *-homomorphism 

$ : B ®c JBJ -> (D + K)/K 

given by <g> c) = 6c + -K" continuous with respect to the minimal tensor norm. 

For the rest of this paper, <%> stands for the minimal tensor product between two 
C*-algebras. 

Proof. Consider the representation of ^ooT on L 2 (lZp) given by 

(m^)(jy,y) = ^)^y,y), <p e i^T^e L 2 (^), 7 e T,y e Y. 

Let D be the C*-algebra generated by D and m^coT). The algebra D is also in 
the multiplier of K. Since preimage m~ x (K n image(m)) is Cor, m also gives an 
embedding of ^ocT/cor into (D + K)/K. The embedding m and the representation 
of L°°Y give a *-homomorphism 

^: E = iooT/coT <g> <g> JL°°YJ — ► (5 + 

Here, we used the fact that abelian C*-algebras are nuclear ( |Tak] ) . Consider the 
action of T x F on E given by 

2l(7i, 7 2 )((0 + c r) ® A ® J/ 2 J) = (Z 7 r A + c r) ® /3( 7 i)(/i) ® ^(72) (/ 2 ) J, 

where /. and r. stand for the left and the right translations. Since ^ooT/cor is 
in the center of i?, by |ADj . the full crossed product coincides with the reduced 
crossed product F = E x red (T x T) and this is nuclear. The unitary representations 
u. and J u.J give a *-homomorphism ^: F — > (D + K)/K. By restricting ^ on 
(L°°y <g> JL°°YJ) x rcd (r x T), we get a map satisfying Proposition 13.31 □ 

If the *-homomorphism B ®c JBJ given by \l/(6 ® c) = 6c is continuous with 
respect to the minimal tensor norm, then the group V is amenable. The above 
proposition can be regarded as a weakened amenability property for the T-action. 

We make use of the following characterization of S. Proposition 15.2.3 and a 
variant of Lemma 15.1.4 in [BrOz] imply the following. 

Proposition 3.4. A countable group G is in S if and only if G is exact and there 
exists a contractive c.p. map $: C£(G) ®C*{G) — > B(£ 2 G), satisfying 

$(6 <g> c) - 6c g JC{£ 2 G), beC* x (G),ce C*(G), 

where C^(G) and C*(G) are the C* -algebras generated by the left and right regular 
representations, respectively. 

Remark 3.5. By using the notion of weak exactness introduced in Kirchberg |Kir] . 
we get that the exactness on Y implies that on G. Indeed, the algebra Ai is weakly 
exact by the exactness of T. The subalgebra L(G) C pAip is also weakly exact. 
Thus G is exact by Ozawa's theorem |Oz4j . 

We have only to show the existence of $ in Proposition 13.41 However, lack of 
inclusion U C{(G) C B" requires some technical elaboration. 

Lemma 3.6. There exists a sequence {q n }n=i,2,-- of projections in L°°(X) satisfying: 
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(1) The sequence {q n } is increasing and strongly converges to p; 

(2) For any finite subset Go C G and n, there exists a finite subset T C T 
satisfying q n f(G ) < e(T ); 

(3) For any finite subset T C T and n, there exists a finite subset Go C G 
satisfying q n e(T )P < f(G ). 

We note that projections P,p, e( 7 ), f(g), ( 7 G T,g G G) are in the commutative 
von Neumann algebra ^(TZp) C B(L 2 (1Z[3)). Every projection in L°°{TZp) which 
is less than f(g) (resp. pe( 7 )) is of the form qf(g) (resp. ge( 7 )) for some q G 
L°°(X). We also note that qf{g) < e (ro) if an d only if there exists a partition 
{q 1 G L°°(X) I 7 G T } of q such that gw 9 = E 7 er ?7 U 7- 

Proof. We fix an index on G; {g\, g 2 , . . .} = G. For any gk, the projection e{To)f(gk) 
can be written as Q(g k , ^o)f(gk) by some projection Q(g k , r ) G L°°(X). The net of 
projections {e(r )/(<?fc) | T C T finite} strongly converges to f(g k ). For any natural 
number n, there exists a finite subset r^ jn C T such that tr(Q(g k , r^)) > 1— 2~( n+k \ 
Then the projections Q n = AfeLi QG7fcj satisfy tr(Q n ) > 1 — 2~ n and 

Qnf(gk) < Q(gk^k,n)f(gk) = e(r k>n )f(g k ) < e(r M ). 

Let {?n} be the increasing sequence of projections {VHi Qi}- Then we have tr(q n ) > 
1 - 2" n and 



q n f(gk) < e |Jr M , ^ g G. 



It turned out that the sequence {q n } satisfies (1) and (2). 

By a similar technique, we get a sequence {p n } with (1) and (3), since 

strHm/(Go)e( 7 )=e( 7 )P, 7 G T. 

Go 

Taking products {p„g„}, we get a sequence which satisfies (1), (2) and (3) at the 
same time. □ 

The Hilbert space £ 2 G embeds into L 2 (lZ a ) by the isometry 

£ 2 G 3 5 g ^ v g U = Jv* g JU G L 2 (U a ), 

where the L 2 -function £a is the characteristic function of the diagonal subset of lZ a . 
We regard £ 2 G as a subspace of L 2 (1Z a ) by this map. The subspace £ 2 G is invariant 
under the action of C{G and JC{GJ. 

Lemma 3.7. For a projection q G L°°(X), the following inequality on operator 
norm holds true: ||(1 - qJqJ)\ hG \\ < (2 - 2tr(g)) 1 / 2 . 

Proof. It suffices to show \\r] — qJqJrj\\ 2 < (2 — 2tr(g))||r]|| 2 for any vector rj G £ 2 G. 
Since qJq.JP = PqJqJ and i] = Pr], we get 

Wv-qJqJv\\ 2 = Y,y'^)(v-qJqJv)\\ 2 = J2y^)v-qJqJf(g)v\\ 2 , 

g£G 9 GG 

IMI 2 = £ u/fotoii 2 , 

geG 

The claim reduces to the inequality \\f(g)r) — qJqJf(g)i]\\ 2 < (2 — 2tr(g))||/(g)?7|| 2 . 
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We note that r\ takes a constant value rj(g) on the set {(a(g)(x),x) G lZ a \ x G X}. 
By a direct computation, we get 

\\f(g)v\\ 2 = [ \{f{g)ri){y,x)\ 2 dv= [ \ V (a(g)(x),x)\ 2 d»=\r)(g)\ 2 . 

Let X q C X be a measurable subset such that x(X g ) = p — q. The measure of subset 
X = {x e X \ x e X g or a(g)(x) G X g } satisfies v(Xq) < 2 — 2tr(g). Then we get 

- gJgJ/(^|| 2 = / |i7(a07)(x),x)| a dA* = M*o)|^)| 2 - 

Our claim was confirmed. □ 

We finish the proof of Proposition 13.21 

Proposition \3.B. We will show the existence of $ in Proposition 13.41 We consider 
that C* X {G) is a subalgebra of B{pL 2 (Kp)) and C*(G) is JC* X (G)J. By P we denote 
the orthogonal projection from L 2 {1Zp) onto £%G. 

Let {g n } be the sequence satisfying Lemma 13.61 and let B be the C*-algebra 
generated by p and \J n q n C x (G)q n . The condition (2) in Lemma [331 means B C B. 
We recall that Po <£> JB J is separable and that F in the proof of Proposition 
13.31 is nuclear. By Choi-Effros lifting theorem |ChEf] . there exists a contractive 
c.p. lifting ty: Bo® JB J —> D + K for ^ \b ® jb j- We define contractive c.p. maps 
<$> n :C* x {G)®C;{G)^B{£ 2 G) by 

$ n (6 <g> JcJ) = P Q n ^(q n bq n ® Jq n cq n J)Q n P , 

where Q n = q n Jq n J . By the condition (3) in Lemma 13.61 we get PoQnKQ n Po C 
JC(£ 2 G). The element <3> n (fe <g> JcJ) is in 

P Q n (bJcJ + K)Q n P C P Q n bJcJQ n P + 

The sequence {P Q n &JcJQ n P +/C(£ 2 G)} C B{£ 2 G)/K{£ 2 G) converges to P bJcJP + 
K.(£ 2 G), by the inequality 

||P feJcJPo - PoQnbJcJQ n Po \\ 

< ||P (1 - Q n )bJcJP \\ + \\P Q n bJcJ(l - Q n )P \\ 

< 2||(l-g n )Po||||fe||||c|| 

< 2(2-2tr(g n )) 1/2 ||&lll|c||. 

It follows that the natural *-homomorphism from the minimal tensor product $ : C X (G)® 
C*(G) — > B(£ 2 G)/K,(£ 2 G) is given and $ is a limit of liftable maps. By Theorem 6 
of |Arj . there exists a contractive c.p. lifting $ for $. □ 

4. Final remark 

As a consequence of Proposition 13.21 we get the following indecomposability of an 
equivalence relation given by a class S group. 

Corollary 4.1. Let T be a countable group and let H C G be an inclusion of count- 
able groups. Suppose that T G S and that the centralizer Zq{H) is non- amenable. 
Let (5 be a free m.p. action ofT on a standard measure space (Y, fi) and let a be a 
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free m.p. action of G on a measurable subset X C Y with measure 1. If the orbits 
satisfy a(G)(x) C (3(T)(x) for a.e. x <E X , then H is finite. 

Proof. The class S has the following property: If G G S and Zg{H) is non- amenable, 
then H is finite. □ 

In particular, the group G is not a direct product group of an infinite group 
and a non-amenable group. Word hyperbolic groups are typical examples of S 
groups. Adams [Adj showed a measurable indecomposability of non-amenable word 
hyperbolic groups. The above corollary covers some part of Adams' theorem. 

The class C of [MoSh] also contains non-amenable word-hyperbolic groups. A 
group G G C satisfies an indecomposability property; G has no infinite normal 
amenable subgroup. On the other hand, a non-amenable class S group can have an 
infinite normal amenable subgroup (for example, Z 2 x SL(2, Z) G S |Oz5j ). 
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